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Abstract 
The technical and economic optimization problem of the heating furnace multi-layer lining, consisting of layers of different 
thickness and made of materials with different thermal physical and performance properties is considered. The solution and the 
algorithm to determine the most economically advantageous lining thickness of the furnace is offered. The algorithm allows to 
evaluate various combinations of multi-layer lining and optimize it for given functional and technical constraints. The calculation 
program helps to form optimally insulating and refractory furnace lining layers sequentially according to the temperature at the 
boundary layers, starting from the condition of ensuring lining reliability. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Omsk State Technical University. 
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1. Introduction  
Heating furnaces are power technology equipment. One of the most important factors determining the thermal 
furnace performance is the heat in the workspace. The furnace design should ensure optimal conditions of its 
occurrence and compliance with the set temperature with minimum power consumption. 
Lining heating furnace is an important element of their design. It creates conditions for the process of thermal 
material treatment engaging in heat exchange in the working space and provides a heat losses reduction the 
environment. These losses are significant. When the lining thickness increases then heat conduction losses decrease; 
but then with the heat losses accumulation, the capital and operating costs increase. Therefore, a solution of furnace 
lining optimization problem in view of its thermal performance and cost characteristics is actual. 
This issue investigation is devoted to a series of papers [1-5], but they examine the furnace lining with one-
dimensional temperature field and provided that the heat flow density through all its layers is the same. These 
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assumptions lead to significant errors, because it does not reflect the real thermal lining performance. We do not 
consider the heat loss in the unrecorded areas as well as the fact that the heat flux through the multilayer lining 
thickness is not the same. 
We solve the problem of heating furnace lining technical and economic optimization when considering the three-
dimensional heat flow from the furnace working space into the environment through the walls, the sole and the roof 
depending on its design in this paper. Multilayer planar wall is composed of different thickness layers and it is made 
of materials with different thermal and performance properties. We consider the furnace lining temperature field 
stationary and spatially inhomogeneous. 
2. Study subject (model, process, apparatus, synthesis, experimental part, etc.) 
The study subject is a heating furnace. The task of furnace multi-layer lining optimizing is to determine the 
optimum of its thickness, to provide a minimum fuel loss, the construction costs and lining operation. As the 
optimality criterion one has adopted performance evaluation of compared options to the minimum discounted costs 
(Ci) for the furnace lining: 
 (1) 
where Cf   is the cost of fuel, rub./kg;
р
нQ is the lowest calorific value of the fuel, kJ/kg; Qm, is heat conduction loss 
through the furnace lining, Vt; Qais heat loss for accumulation, kJ; h is annual number of furnace operation hours, 
h/yr; N is the annual number of furnace starts operation from cold state, yr-1;P is depreciation rate, yr-1;Pn is the 
investments discount rate yr-1;K is the furnace lining construction cost, rub. 
3. Methods  
Furnace heat balance analysis shows that while the heat loss changing through the furnace lining the values of all 
its components are proportionally varied. Therefore, without prejudice to the accuracy of the problem solution, let us 
consider from the heat balance equation only heat loss through the lining with thermal conductivity and 
accumulation. 
Representing the expressions for determining the thermal conductivity of the heat loss through the lining into the 
environment and accumulation, as well as the construction costs of the furnace lining as a function of the thickness 
δ, we obtain an equation for determining an optimum thickness G opt furnace lining δ opt: 
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where t,if -ta is temperature of the inner surface of the lining and ambient air; λFL1,λS1,λR1 are indexes of thermal 
conductivity of the first layer walls lining material, the sole, the roof; tFL1, tS1, tR1 are the temperature at the interface 
of the first and second layers of the furnace walls lining, the sole, the roof; FFL1, FS1, FR1 are surface of heat transfer 
of the first layer walls lining, the sole, the roof; Fw-out, Fs-out, Fr-out are the outer surface of the heat transfer of furnace 
lining walls, the sole, the roof; δFL1,δS1,δR1 are the thickness of the first layer of the furnace walls lining, the sole, the 
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roof; (ti-1–ti)FL , (ti-1–ti)S , (ti-1–ti)R are temperature difference at the boundary layers of the furnace walls lining, the 
sole, the roof; αout-fl, αout-s, αout-r. are the heat transfer coefficient from the outer surface of the furnace walls lining, 
the sole, the roof; Vi,ρi is the volume and density of the i-th layer material of the furnace lining; tis, tif- initial (at the 
time of starting the furnace operation), and the i-th layer final temperature of the furnace lining; Сis, Cif- the average 
heat capacity of the i-layer material of lining at its start and final temperatures; Si – is the price of the i-layer material 
of the furnace lining. 
The main difficulty in determining the thermal conductivity of the furnace lining heat loss is to match the heat 
transfer processes occurring in the furnace and in the lining. The determination Qm was produced from the equation 
for the heat flow through the n-layered flat wall with the boundary terms of the first and the third kind. The same 
time the heat flux for each of the lining layers iQ ;the i-th layer thickness i䃓; and the total lining thickness 䃓¦  were 
presented as a function of the first refractory layer thickness 1䃓. Heat transfer surface of i-layer Fi and lining volume 
Vi are expressed as a function of its each layer thickness: 
 
 
i i-1 i i
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 (5) 
i i i iF (δ )  ;    V (δ ) M  M  (6) 
whereF1,Fin is heat transfer area of the first (refractory) layers and the outer surface of the liner; λi,λ1 is thermal 
conductivity of the lining i-th and the first layers material. 
The algorithm and definition program Gopt are determined. In solving the problem there are selected layers of the 
lining multilayer material; their thickness is determined; the temperature at the lining boundary layers is calculated 
and an assessment of the material selected on the conditions to ensure its work reliability is carried out. Selection of 
refractory and insulating materials, sequencing of their location and each layer furnace lining thickness is made until 
a predetermined value is obtained and its outer surface temperature does not coincide with a certain accuracy degree. 
In addition, it is assumed that the values of heat transfer coefficients from the lining outer surface to the surrounding 
air in free convection are different for walls, the roof and the sole: for the roof - 27-30% higher than for the walls 
and for the sole - 30-33% less than for the walls. 
The algorithm is based on exhaustive search of variable parameters possible combinations and the selection of 
one cost function on the furnace lining having the smallest value. The program is written in the mathematical 
package Matlab 6 internal language. 
The temperature calculation at the layer boundaries is carried out as follows. The location of the lining and its 
elements in space are specified; the refractory layer thickness; the type and brand of fire-resistant and heat-insulating 
materials and thermal characteristics; the number and thickness of fire-resistant and heat-insulating layers of the 
furnace lining; the lining outer surface temperature, the ambient air temperature. Depending on the optimization 
problem the effective temperature and the size of the furnace working space are determined or set. The area of the 
lining outer surface and the inner and outer surfaces of its layers are calculated. The heat flow to the environment 
from the lining outer surface is defined. The specific heat flows for each lining layer are determined. The 
temperature of the inner surface of the first (refractory) layer lining t0 is determined as the effective temperature in 
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the furnace value. The temperature at the boundaries of the first and second layers t1′ is set and for the selected 
refractory material the thermal conductivity coefficient λ1 is defined. Then, the temperature is specified at the 
boundary of the first and second layers t1according to the formula:  
,
1
1
101 O
Gqtt   (7) 
where in q1 is heat flux for the furnace lining first layer.  
If the adopted and a certain temperature at the boundary layers do not coincide with a given degree of accuracy, 
the approximation is repeated when setting the new temperature t1'=t1. Then the second lining layer is assessed for 
predetermined lightweight refractory material. If the material does not meet these criteria, then another lightweight 
refractory material is selected. By analogy with the above operating procedures the temperature at the boundaries 
between the other selected layers of the furnace lining is defined. The insulating material last layer thickness is 
determined on the basis of the set temperature of the lining outer surface and its area. 
The objective function to be minimized is multi-parameter (the number of parameters is equal to the layers total 
number of walls, the roof and the sole), discrete (the each layer thickness varies fold refractory and insulation 
products) and non-linear. 
The graphic function analysis depending on changing any parameters occurring during the other unchanged 
showed that the function has many local minima. All numerical methods for finding the nonlinear functions global 
minimum are reduced to two algorithm classes: 
x Methods of all variable parameters possible values direct search and select with the function having minimum 
value. These methods differ in finding 100% results, but they are rather slow. Calculating time significantly 
depends on the parameters number and restrictions imposed on them; 
x Various methods of finding the global minimum without recalculation of all values. The idea of all methods is 
that the whole range of parameter values is divided into intervals plurality, the function local minimum is 
determined everywhere. After solving , it is determined what intervals have the global minimum. In addition, 
these methods are designed for the objective function continuous nature. 
Since the function is discrete, the first method was chosen to solve this problem. It provides the ability to narrow 
down the parameter changes in order to reduce computation time. 
The program includes the limits calculation on the maximum number of layers, the maximum total thickness of 
the furnace lining and all possible combinations of fire-resistant and heat-insulating materials, number of layers and 
their sizes for walls, the roof and the sole. It enables to form an optimal sequence with the refractory and insulating 
layers furnace lining by selecting material and thickness, depending on the temperature at the boundary layers. 
4. Results and discussion  
The calculations showed that values obtained by optimizing furnace lining are defined by equation (2), and 
correspond to the objective function minimum. Moreover, the calculations were stable.  
There was carried out a research of initial data changes effect on the value of optimum thickness of the furnace 
lining G opt. The results analysis shows the following. Changes in the fuel cost and its working space size does not 
have a noticeable impact on the G opt  and the lining layers number. If the effective temperature in the furnace is up 
to 1373 teff then the optimal number of fire-resistant and heat-insulating lining layers of the walls and the sole is 3, 
the roof - 2. With a value more than 1373 teff the optimum number of lining layers of the walls and the sole is 4-5 , 
the roof - 3. The fuel combustion with a calorific value Qnp>20000kJ/kg G opt of walls and the sole increases up to 
9% and the roof is reduced to 19% compared with the use of fuel Qpn<20,000kJ/kg. Raising the temperature in the 
furnace and the first layer thickness increases the refractory G opt to 23%. With increasing operation time of the 
furnace G opt certain value increases and then remains constant.  
The developed algorithm to optimize the lining parameters is implemented in forging department of one of Omsk 
enterprises relation to the operating conditions of the heating furnace with chamber mode heating for forging metal 
during its reconstruction. The fuel oil was used рнQ =39800kJ/kg; Cm=2500 rubles/t; h=3500 h/yr; N=50yr-1. The 
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optimum lining thickness is as follows: walls - 0.33 m (first layer - fireclay bricks mark SHA 0.115 m thick, the 
second layer - PTMC plates - 300K based on multisiliceous fiber 0.05 m thick, the third layer - fireclay bricks ultra 
light brand SHL-04 with 0.115 m thick, the fourth layer – perlite concrete plate with 0.05 m thick); the sole - 0.36 m 
(first layer - magnesit chrome bricks brand CHM-1 with 0.115 m thick, the second layer - fireclay bricks mark SHA 
0 with 0.65 m thick, the third layer - plates PTMC - 300K based on multisiliceous fiber with 0.05 m thick, the fourth 
layer - fireclay brick ultra light brand SHL-0.4 with 0.065 m thick, the fifth layer - perlite diatomite bricks 
"Termosilipor" with 0.065 m thick), the roof - 0,44m (first layer - 0.115 m fireclay bricks brand SHA, the second 
layer - 0.20 m plate PTMC - 300K of multisiliceous fibers, a third layer – 0.125 m perlite diatomite bricks 
"Termosilipor"). During the furnace thermal test there was measured and plotted a temperature change graph in the 
lining thickness walls, the roof and the sole. The discrepancy between the calculated and derived values of the 
temperature did not exceed 6.5%. Fixed thermal conditions in the furnace at its output from cold state after 
downtime occur within 1.1 - 1.3 hours. Until that time, the furnace reconstruction was 2.8 - 3.0 hours.  
5. Conclusion  
Methods, algorithms and software for calculating the optimum thickness of the furnace lining to ensure minimum 
loss of fuel and its construction and operation costs are carried out. They assume the change in heat flux density 
through the lining thickness and allow to form optimum  of its refractory and insulating layers (filter material, the 
thickness of layers and their arrangement), depending on the temperature at the boundary layers. The algorithm 
allows to evaluate various combinations of multi-layer lining and optimize it with set limits. The impact studies of 
the value determinants of the optimum furnace lining thickness are carried out.  
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